Abstract. It is shown that the compositum Q (2) of all degree 2 extensions of Q has undecidable theory.
Introduction
In this note we are interested in the following question. follows that most of them are undecidable. Such examples were pointed out by J. Robinson [4] : for any non-recursive set S of prime numbers the field Q S = Q({ √ p : p ∈ S}) has undecidable theory. Later the third named author [7] showed that the field Q S has undecidable theory for any infinite set of primes S.
An interesting class of fields in which to study the above question, and to test current methods is the class of fields K (d) , which are the compositum of all extensions fields F/K of degree at most d over K, where K is a number field.
These fields are Galois over K of infinite degree over K, and every element of
where S is the set of prime numbers that divide d!. E. Bombieri and U. Zannier [1] conjecture that these fields have the Northcott property making them, in this respect, similar to number fields. They proved that K (2) has the Northcott property. In this note, we show the following result:
hence T h(Q (2) ) is undecidable.
X. Vidaux and C. Videla [8] establish a relation between the Northcott property and undecidability. Based on this connection and our present result we conjecture
We refer the reader to A. Shlapentokh ([5] ) for an update on the subject, and to J. Koenigsmann [2] for a general survey.
Undecidability
Before proceeding any further let us fix some notation. Let Q alg denote a fixed algebraic closure of Q. Recall that for any field T ⊂ Q alg , the ring O T denotes the
T denotes the multiplicative group of units of O T and µ T denotes the group of roots of unity of the field T . Let {p n : n ∈ N ≥1 } be the increasing enumeration of the rational prime numbers,
given by a n x n + · · · + a 0 and any k ∈ N, the forward difference operator is given by ∆ k f (x) = f (x + k) − f (x) and that the n-th iteration satisfies
Let L ring = {0, 1; +, ·} denote the language of rings, and for any L ring -structure F we denote by Th(F ) its first-order L ring -theory.
In order to show that Th(L) is undecidable, we first use the following Theorem of the third named author (see [7] ).
Theorem 2. Let F be a number field and T ⊂Q a pro-p Galois extension of F , then O T is first-order definable in T .
In particular since L is a pro-2 Galois extension it follows that O L is first-order definable in L. This reduces the problem to showing that the theory Th(O L ) is undecidable. In order to do so, we use an improvement, due to C. W. Henson (see [6] ), of a result of J. Robinson (see [3] ).
Lemma 3. Let R be a ring of algebraic integers and let F ⊂ P(R) be a family of subsets of R parametrised by an L ring -formula ϕ(x; y 1 , . . . , y n ), i.e.,
If the family F contains sets of arbitrary large finite cardinality, then the theory of the ring Th(R) interprets the theory Q of R. Robinson, hence is undecidable.
Moreover, in the same paper, J. Robinson proves the following result:
Lemma 4. For each t ∈ R the set {x ∈ O K : 0 x t} is finite where 0 x t means that x and all its conjugates lie strictly between 0 and t.
We are left to show that there is a family as in Lemma 3. This will be done below.
Lemma 5. The group µ L of roots of unity of L is finite.
Proof. Suppose otherwise. Fix {w k : k ∈ N} an enumeration of µ L , and consider the sequence t k = 2 + w k + w −1 k , note that each t k ∈ K and 0 t k 4, which contradicts Lemma 4.
Let N denote the order of the finite group µ L .
Ln . By a theorem of H. Hasse (see [9] , Theorem 4.12), we have that
Kn , so we can write u 2 = ζw for some ζ ∈ µ L and w ∈ O × Kn . It follows from the choice of N that
Proof. We define, recursively, a sequence of definable sets as follows: Let
Observe that for each n, the set X (n) is first-order definable and
Consider the following polynomial with integer coefficients
Note that for each n ∈ N, f (n) ∈ X (0) . Thus, it follows that for each k ∈ N, the 2N -th iteration of the discrete derivative ∆
Hilbert's solution to Waring's problem, there is a natural number, usually denoted by g (2N ) , so that every natural number is a sum of at most g(2N ) 2N -powers of natural numbers. Thus,
is as required.
We are now in position to prove the main theorem of this note.
Main Theorem. The theory Th(Q (2) ) is undecidable.
Proof. Consider the family F parametrised by the formula ϕ(x, p, q) px = 0 ∧ px = q ∧ ∃x 1 , . . . , x 8 ∈ W [px = x In particular, for p, q ∈ N this means that ϕ(x; p, q) implies that 0 px q.
Hence, it follows from Lemma 4 and Lagrange's four square theorem that F contains sets of arbitrary large finite cardinality.
We are unable to treat the case of K (2) , where K is an arbitrary totally real number field.
